
An Introduction to A- enumerative

geometry
what is enumerative geometry ?
= counts solutions to geometric questions

Example : How many
lines are there on

a smooth cubic surface ✗ = { f--03 Eps
✗

homogeneous
of degree }

Cayley - Salmon 1849 : On every smooth

cubic surface there

are 27 lines

( over ¢ )
.

Schliifci 1883 : There can be 27
,
15

,

7- or 3 real lines

Segre 1942 : there are 2 types of real
lines called hyperbolic and
elliptic .

# hyperbolic - # elliptic =3
✗
always

Goal for today :

Get something for an arbitrary base field K .



How to count lines on a cubic surface :
"
(2,47--9111,3) = 2-planes in KH lines in

Let ñ : V→←9r 12,4 ) be the vector

bundle with fiber

Vee , = degree 3 polynomials on l

( V= Syms S4
tautological bundle

Let ✗= If -07 e- Ps be a cubic surface
✗
degree 3 homogeneous polynomial

f defines a section 8g : Grt, 4) → V

ar CHI )=f1e

Zeros of 8g ← lines on X

E 1=27 k=¢

E

ga,, ,

? =/✗ c- Grain lk)

Y g ± 1=3 h=R



"

local
"

Brouwer degree
"

Recall : f : Sh -> S
"

→ for : Hnl Shl → An (5)
112 112

I 72

1 1-> degf
htpy y

Brouwer

deg :[ S
"

,

5T£ % degree offE

[ f) → dgf

EE
local Brouwer degree at a zero ✗ of Gg :
f- = IR :

Gg : Art , 47→ V p
'

Ul N

small → B → V9
,
I 13×1124-1%112"

ball around ✗ Y ← zero of dot



← small ball around
zero

deg / 5¥ Blots → 1¥13 , _~ I i. ipad

= : local Brouwer degree
one needs to be careful with

orientations

Brouwer degree in IH' - homotopy theory
Morel 's Al ' - degree :

deg
"
'

:[ 11%4%-1 , Pip :-, /*
→ GW"'t

what is

11 Me / PI
' ? ✓

21 C-
, -3*1 ? ✓

31 hwchl ?



Very short introduction to A
'
- homotopy

theory C-motivic homotopy theory)

slogan : homotopy theory on algebraic
varieties where A' plays the

role of [0 , I ] .

k arbitrary field

Smk = category of smooth varieties/k

f. Yoneda
spiel Sma) :-. functors Snip - asset

! Help:-c
= push out / PI

"
-> Pay

¥

This is a
"model category 4 (or do -cat )

In particular ,
there is a class W

of weak equivalences .



With "Bousfield localization " we can

add weak equivalences
- add ✗ ✗ At→ ✗

• give
varieties a nice topology up

to weak eq

711kt = s Pre (Smu ) [WI
= All - homotopy category

f-
,

- Jai = Homma , I
-

,
- )

the Grothendieck -Witt ring of K

Gwlhl -a group completion of isometry
classes of finite dimensional

non - degenerate symmetric
bilinear forms 1k

B :V✗V→k

① direct sum = Addition



④ makes Gwchl into a ring

generators of GWCU) : A - dimensional forms

<a > : kik → k
a c- kg2(✗ , y l taxy

relations :
-

1) <a > cb > = Cab >

2) < a > + < b > = <atbstcablatbl>

3) <a > + c- a>
= < I > 1- c- I>

= : h

hyperbolic
form

Examines : • GWL G)¥2
rank I ;¥gui¥h÷¥¥

• GWCIR) -5 { Crist c- 2×721
rts 0 mod 2 }

EX -172

• GWC #ql -52×11=9%+2×12--7442
rank

disc = detcmahixl



•

GWIQpl-FGHI.LI?Y*P'poddSpringer 's
thin

generators <as at

pig
?

1,9 , P , PS

a = anpht ant , p
" 't

.
. .

g--11 h C- K

#É¥xY is a squeal iff
• auto square in #p
• h ever



Local All - degree
Let g : Ath → Ath with an isolated zoox

P: pie

Pip:-|
"Ypn -1

k u

choose a Zariski nbhdllof ✗

☒ the.int#Y--
"7¥)dog""YYp;Fp; -1×1 Ah-14

= : local A' - degree deg# g
theorem : ( Kass - Wichelgren )
• If ✗ is a "

simple
" d- rational zero

← Jacobian

then

deg #
'

g= <
det ]gC✗ ) > e-Gwlh )

• If ✗ is a simple zoo with

leg separable FE



deg#
'

g= Trina < det ]gl✗ ) > c- Gwch )
example

where R

Iya 13 : Vxv -91T¥ k
n
field trace

Rmh : there are formulas for when

✗ is an isolated non - simple
zero CEKL - form )

( Kass - Widielgren , Brazelton - Burklund
-

McKean - Montoro - Opie)

and for when klxl is riot

separate over k CBEe-ouh.am )

( Brazelton - McKean - P. )

theorem ( Kass- Wichelgren 20217 :

Let ✗ = { f=o1EP3 be a smooth

cubic surface .
Then



<det ]gg(✗ ) >
watch
orientations{ Truth

✗ is
= 15<1 > + 12<-17

a zero C-Gwlh)
ot Gr % fgignatoe

27 3

Can do other counts in the same way
just replace ✓→ Gru , 4)

• lines on a quintic 3- fold ( P
. ,

M
.
Levine )

• lines on degree Gu - Il -hypersurface in 1pm
" (Levine /

• Bézout ( Mckean )

e


